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We investigate time operators in the context of quantum time crystals in ring systems. A gen-
eralized commutation relation called the generalized weak Weyl relation is used to derive a class
of self-adjoint time operators for ring systems with a periodic time evolution: The conventional
Aharonov-Bohm time operator is obtained by taking the infinite-radius limit. Then, we discuss
the connection between time operators, time crystals and real-space topology. We also reveal the
relationship between our time operators and a PT -symmetric time operator. These time operators
are then used to derive several energy-time uncertainty relations.
I. INTRODUCTION
In the framework of standard quantum mechanics,
time is not an observable but just a parameter: One of
the reasons is the difficulty to define a self-adjoint time
operator Tˆ conjugate to a Hamiltonian operator Hˆ which
satisfies the canonical commutation relation [1–3]
[Hˆ, Tˆ ] = i~. (1)
Such time operators are necessary to derive time-energy
uncertainty relations as well as for the unification of space
and time in quantum mechanics. However, how to define
time operators is still an open problem.
The difficulty to define time operators lies in the dif-
ference between self-adjoint operators and symmetric op-
erators even though these are both Hermitian operators
(Fig. 1). The existence of orthogonal eigenstates and
real eigenvalues is ensured for self-adjoint operators but
not ensured for symmetric operators. So, observables
in standard quantum mechanics have to be represented
by self-adjoint operators [2] but most of the time opera-
tors which satisfy Eq. (1) are symmetric non-self-adjoint
operators [3]. For example, the Aharonov-Bohm time
operator [4]
TˆR = −
m
2
(xˆpˆ−1 + pˆ−1xˆ) (2)
which describes the arrival time of a free particle on a line
(R) is a symmetric operator without orthonormal eigen-
states [3]. Such objection was first raised by W. Pauli’s
well-known theorem [5]. E. Galapon disproved Pauli’s
theorem by specifying Pauli’s implicit assumptions, then
he proved that self-adjoint time operators which satisfy
Eq. (1) can be defined in confined systems [6, 7]. The
mathematical structure of time operators for a Hamilto-
nian with discrete eigenvalues was studied by Galapon
[6, 8], Arai and Matsuzawa [9], and Arai [10].
FIG. 1. Conventionally, physical observables have to be rep-
resented by self-adjoint operators. The Aharonov-Bohm time
operator TˆR [Eq. (2)] is a symmetric operator which describes
the arrival time of a free particle on a line R [4]. We derive
the self-adjoint operator TˆS1 [Eq. (18)] for a free particle on
a ring system S1. TˆR is obtained by taking the infinite radius
limit of TˆS1 .
In this article, we consider the above problem in the
context of quantum time crystals (QTC) in ring systems
[11–15]. A QTC is a quantum mechanical state which
spontaneously breaks time translation symmetry [11–23].
The periodic oscillation of a QTC seems to promote time
from a parameter to a physical observable. So, we pro-
pose that QTC are candidates for constructing time op-
erators.
In section II we use a generalized commutation rela-
tion called the generalized weak Weyl relation (GWWR)
[24] to derive a class of self-adjoint time operators for a
free particle in a ring system. The GWWR is required
for a consistent quantization of ring systems. These time
operators show a periodic time evolution intrinsic to ring
systems. The conventional Aharonov-Bohm time opera-
tor is obtained by taking the infinite-radius limit. Then
we discuss the connection between the GWWR, time op-
erators, time crystals, and real-space topology of the sys-
tem.
Moreover, operators obeying PT -symmetry have real
eigenvalues if their eigenstates are PT -symmetric as well
2[25–27], but the possibility of PT -symmetric time op-
erators has not been considered in literature. So, in
section III we reveal the relationship between the self-
adjoint time operators in section II and a PT -symmetric
time operator with orthogonal eigenstates and real eigen-
values. This PT -symmetric operator reduces to a non-
Hermitian time operator [28] in the infinite-radius limit.
Then, in section IV, we derive several energy-time uncer-
tainty relations for self-adjoint and PT -symmetric time
operators.
II. SELF-ADJOINT TIME OPERATORS IN S1
A. General Weak Weyl Relation and Real-Space
Topology
There is a hierarchy of operators which satisfy stronger
and weaker versions of the canonical commutation rela-
tion [2, 24, 29–34]. Here, we consider the generalized weak
Weyl relation (GWWR) introduced by A. Arai [24]. As
we exemplify below, the GWWR is necessary for a consis-
tent quantization of ring systems. Let Aˆ be a symmetric
operator on a Hilbert space H, let Bˆ be a self-adjoint
operator on H and Kˆ(s) (s ∈ R, s may denote time, po-
sition, or some other variable) be a bounded self-adjoint
operator on H with D(Kˆ(s)) = H (D(·) denotes opera-
tor domain), ∀s ∈ R. We say that (Aˆ, Bˆ, Kˆ) obeys the
GWWR in H if for all |ψ〉 ∈ D(Aˆ) and for all s ∈ R we
have e−isBˆ/~ |ψ〉 ∈ D(Aˆ) and
Aˆe−isBˆ/~ |ψ〉 = e−isBˆ/~(Aˆ+ Kˆ(s)) |ψ〉 . (3)
Kˆ(s) is called the commutation factor of the GWWR.
Aˆ and Bˆ may represent position, momentum, angular
momentum, Hamiltonian, time operator, etc. Moreover,
if Kˆ(s) is differentiable with respect to s, then we can
differentiate both sides of Eq. (3) and set s = 0 to obtain
the generalized canonical commutation relation (GCCR)
for all |ψ〉 ∈ D(AˆBˆ) ∩D(BˆAˆ)
[Aˆ, Bˆ] |ψ〉 = i~Kˆ ′(0) |ψ〉 , (4)
where ′ denotes derivative with respect to s. For Kˆ(s) =
±s Eq. (3) reduces to the weak Weyl relation [29, 30]
and Eq. (4) reduces to the canonical commutation
relation[Aˆ, Bˆ] |ψ〉 = ±i~ |ψ〉. We conjecture that the
commutation factor Kˆ(s), in general, depends on the
real-space topology of a quantum system. Several ex-
amples are given below.
1. One-dimensional system
The Hilbert space of a one-dimensional system is H =
L2(R). The position operator xˆ and the momentum op-
erator pˆ are both self-adjoint. For (Aˆ, Bˆ, Kˆ(s)) = (xˆ, pˆ, s)
we have [xˆ, pˆ] = i~. For (Aˆ, Bˆ, Kˆ(t)) = (TˆR, Hˆ,−t) we
have [Hˆ, TˆR] = i~, where Hˆ = pˆ
2/2m and TˆR is the
Aharonov-Bohm time operator defined in Eq. (2).
2. Confined system
Galapon [6] and Galapon, Caballar, and Bahague [7]
considered time operators in confined systems with the
Hilbert space H = L2([−l, l]) and with the boundary
condition φ(−l) = e−2iγφ(l), φ ∈ H, |γ| < pi. Let us con-
sider a free particle with the Hamiltonian Hˆγ = pˆ
2
γ/2m.
If γ 6= 0 then p = 0 is not an eigenvalue of pˆγ , so pˆ
−1
γ
is a bounded self-adjoint operator. If γ = 0 (periodic
boundary condition) then p = 0 is an eigenvalue of pˆγ ,
so pˆ−1γ is well-defined only if the zero-momentum state
|p = 0〉 is removed using projection operators [6, 7]. In
both cases, it is possible to define a self-adjoint time oper-
ator Tˆγ = −
m
2 (xˆpˆ
−1
γ + pˆ
−1
γ xˆ) which satisfies the canonical
commutation relation [Hˆγ , Tˆγ ] = i~. This commutation
relation is well-defined within a restricted domain.
Our main concern is as follows. Position operators are
defined as a set of operators whose eigenvalues have one-
to-one correspondence with points on a manifold. But
in the case γ = 0 (periodic boundary condition) xˆ is a
multivalued operator, hence it is not suitable as a posi-
tion operator [32–34]. For instance, any continuous wave
function ψ of a ring system must satisfy the periodic
boundary condition but xˆψ is not periodic. Moreover,
if xˆ is not used with care, then many contradictions oc-
cur. For example, the expectation value of the canoni-
cal commutation relation with momentum eigenstates ψp
(including the ground state ψ0) leads to two equivalent
equations 〈ψp|[xˆ, pˆ0]|ψp〉 = p(〈ψp|xˆ|ψp〉 − 〈ψp|xˆ|ψp〉) = 0
and 〈ψp|[xˆ, pˆ0]|ψp〉 = 〈ψp|i~|ψp〉 = i~. These results lead
to the contradiction 0 = i~. Similarly, one can verify
that 〈ψp|[Hˆ0, Tˆ0]|ψp〉 = 0 for p 6= 0. These facts sug-
gest that the pairs (xˆ, pˆ0) and (Tˆ0, Hˆ0) are very sensitive
to the domain on which their commutation relation is
applied. In other words, the canonical commutation re-
lation imposes a restriction on possible wave functions
of a ring system [6, 9]. So, how can we obtain position
operators, time operators and commutation relations for
general periodic functions? This problem can be solved
with periodic position operators as we show below.
3. Ring systems
Let H = L2([−pi, pi]) be the Hilbert space of ring sys-
tems with the periodic boundary condition ψ(θ) = ψ(θ+
2pi), where θ = x/R is the angular coordinate. As we ex-
emplified above, how to quantize ring systems has been
an important problem in the formulation of quantum me-
chanics. Previous studies to solve this problem include
refs. [32–34]. In all cases, the solution was to use periodic
angle variables such as f(θ) = θ mod 2pi, f(θ) = cos θ,
3f(θ) = sin θ, and f(θ) = eiθ. In fact, these different for-
mulations have the same mathematical structure, namely
the GWWR. Instead of the multivalued position oper-
ator xˆ or the angle operator θˆ = xˆ/R we use a peri-
odic position operator fˆ such that fˆ |θ〉 = f(θ) |θ〉 with
f(θ + 2pi) = f(θ). We also define fˆs = e
ipˆiθs/~fˆe−ipˆiθs/~
with fˆs |θ〉 = f(θ + s) |θ〉, pˆiθ = Rpˆ is the canonical
angular momentum operator. Then, from the GWWR
with Aˆ = fˆ and Bˆ = pˆiθ we obtain Kˆ(s) = fˆs − fˆ ,
Kˆ ′(s) = fˆ ′s = dfˆs/ds, and these operators satisfy the
GCCR
[pˆiθ, fˆ ] = −i~fˆ
′
s
∣∣
s=0
. (5)
Any physical periodic operators can be constructed using
Fourier series
fˆ |θ〉 = f(θ) |θ〉 =
∞∑
n=−∞
cne
inθ |θ〉 =
∞∑
n=−∞
cnWˆ
n |θ〉 .
Here, we have defined the unitary position operator Wˆ =
êiθ, Wˆ † = Wˆ−1 [32, 34]. pˆiθ and Wˆ satisfy the following
eigenvalue equations and commutation relation in H
Wˆn |θ〉 = einθ |θ〉 , (6)
pˆiθ |l〉 = l~ |l〉 , (7)
Wˆn |l〉 = |l + n〉 (8)
[pˆiθ, Wˆ
n] = n~Wˆn. (9)
Note that l and n are integers and one can verify that
Wˆ−n = Wˆ †n. From this definition with Eq. (5) and Eq.
(9) we obtain
fˆ ′s
∣∣
s=0
=
∞∑
n=−∞
cn
i
~
[pˆiθ, Wˆ
n] =
∞∑
n=−∞
cninWˆ
n.
Besides, it is a known fact from spectral analysis that the
real and imaginary parts of a bounded operator (i.e. an
operator whose spectrum is bounded from above and be-
low) are self-adjoint operators. Wˆns are bounded opera-
tors, so fˆ is a bounded self-adjoint operator if cn = c
∗
−n.
As specific examples of fˆ we may take the self-adjoint
sine operator Sˆ and the self-adjoint cosine operator Cˆ to
specify a point on a ring [33, 34].
Cˆ =
Wˆ + Wˆ †
2
(cn = c
∗
−n =
1
2
δn,1), (10)
Sˆ =
Wˆ − Wˆ †
2i
(cn = c
∗
−n =
i
2
δn,1), (11)
Another important operator is the single-valued periodic
angle operator Θˆ |θ〉 = (θ mod2pi) |θ〉 [33]
Θˆ =
∞∑
n=1
(−1)n+1
in
(Wˆn − Wˆ−n) = −iLog(Wˆ ) (12)
which is the operator version of the “sawtooth function”
Θ(θ) = 2
∑∞
n=1(−1)
n+1n−1 sin(nθ) = −iLog(eiθ), i.e.
the angle θ restricted in the region [−pi, pi]. These op-
erators satisfy the commutation relations
[pˆiθ, Cˆ] = i~Sˆ, (13)
[pˆiθ, Sˆ] = −i~Cˆ, (14)
[Θˆ, pˆiθ] = i~{1− δ(Θˆ + pi)} (15)
Now, one of the requirements to define time opera-
tors is that they satisfy a commutation relation similar
to that of position and momentum: This requirement is
necessary to derive time-energy uncertainty relations as
well as for the unification of space and time in quantum
mechanics. In this context, we propose that the quanti-
zation of other physical observables in ring systems, in-
cluding time intervals and events, should be done based
on the GWWR. One can either use [Hˆ, Tˆ ] = i~ with a re-
stricted domain or consider a generalized time operator
with a larger domain (i.e. many other physical states)
such that [Hˆ, Tˆ ] = i~Kˆ ′(0). There is no obvious reason
that a time operator must satisfy the former case, espe-
cially when boundary conditions play an important role.
If periodic position operators fˆ are used instead of θˆ,
then time operators are expected to obey a commutation
relation similar to Eq. (5).
B. Derivation of Generalized Self-Adjoint Time
Operators
Using the quantization of ring systems based on the
GWWR and the GCCR, we show that there exists a class
of generalized self-adjoint time operators in ring systems
with Kˆ ′(0) = fˆ ′s
∣∣
s=0
. We take Eq. (5) as a starting point
to derive these operators. Consider a free particle with
moment of inertia I and Hamiltonian Hˆ =
pˆi2
θ
2I . Consider
the following commutation relation
[Hˆ, Wˆn] |ψ〉 = [Hˆ, Wˆn]
∞∑
l=−∞
|l〉 〈l|ψ〉
=
∞∑
l=−∞
(El+n − El) |l + n〉 〈l|ψ〉 ,
where we used Eq. (8), Hˆ |l〉 = El |l〉 and the identity
operator 1 =
∑∞
l=−∞ |l〉 〈l|. The desired time operator is
obtained if we can get rid of El+n −El =
(2l+n)n~2
2I . If n
is an odd integer then l = −n2 is not an eigenvalue of pˆiθ,
so 1/(2l + n) is bounded. On the other hand, if n is an
even integer, we can use the projection operator P−n/2
to remove the state |−n2 〉. In both cases we can define
4the time operator Tˆ as
Tˆ |ψ〉 = −
∞∑
n,l=−∞
cnn~
(1− δl,−n
2
)
El+n − El
|l + n〉 〈l|ψ〉 ,
|ψ〉 ∈ D(Tˆ ) =
{ ∞∑
l=−∞
anl |l〉 :
∞∑
l=−∞
|anl|
2 <∞
}
.
This kind of time operator has been studied in refs. [8–
10]. The commutation relation between this time opera-
tor and the Hamiltonian gives
[Hˆ, Tˆ ] |ψ〉 = −
∞∑
n,l=−∞
cnn~(1− δl,−n
2
) |l + n〉 〈l|ψ〉
= −
∞∑
n=−∞
cnn~Wˆ
n |ψ〉+
∞∑
n=−∞
c2n2n~ |n〉 〈−n|ψ〉
= i~fˆ ′s
∣∣
s=0
|ψ〉+
∞∑
n=−∞
c2n2n~ |n〉 〈−n|ψ〉 ,
|ψ〉 ∈ D(HˆTˆ ) ∩D(Tˆ Hˆ).
Here, |n〉 are linearly independent, hence the last term
with c2n vanishes only if c2n 〈−n|ψ〉 = 0 for all n. Finally,
we can define the bounded self-adjoint operator which
has the dimension of time
µˆn =
{ 2I
2pˆiθ+n~
, n = odd
P−n/2
2I
2pˆiθ+n~
P−n/2 , n = even
and write our time operator as
Tˆ = −
∑
n
cnWˆ
nµˆn
= −
∑
n
(cnWˆ
nµˆn + c
∗
nµˆnWˆ
−n)
2
,
(16)
[Hˆ, Tˆ ] |ψ〉 = i~fˆ ′s
∣∣
s=0
|ψ〉 , (17)
|ψ〉 ∈
{
|ψ〉 ∈ D(Tˆ ) : c2n 〈−n|ψ〉 = 0, ∀n
}
.
The symmetrized form in the second line is obtained from
the fact that Wˆnµˆn = µˆ−nWˆ
n and c∗n = c−n. This time
operator has the following properties:
1. Tˆ is a bounded symmetric operator, hence it is self-
adjoint. Another reason that this operator is self-adjoint
is that the Hamiltonian has discrete energy spectrum
[6, 8–10]. Discreteness of the energy spectrum is very
important but, as we have seen, it is not the only factor
that determines the time operators.
2. Tˆ satisfies the GWWR (3) with (Aˆ, Bˆ, Kˆ(t)) =
(Tˆ , Hˆ, Tˆ (t)−Tˆ ), Tˆ (t) = eiHˆt/~Tˆ e−iHˆt/~. One can readily
show that dKˆ(t)/dt|t=0 = −fˆ
′
s
∣∣
s=0
and obtain the cor-
rect generalized commutation relation.
3. We note that Tˆ is not unique because, for any self-
adjoint operator Fˆ which commutes with the Hamilto-
nian, Tˆ and the new operator Tˆ + Fˆ satisfy the same
commutation relation with Hˆ. Such operators can be
added if necessary. However, if fˆ is prescribed then Tˆ is
unique up to addition of Fˆ . Which fˆ we choose depends
on physical basis, i.e. on the phenomena (such as time
of arrival, time crystal or other events) that we want to
observe.
4. If we choose fˆ such that Rfˆ → xˆ in the infinite-
volume limit R → ∞, then the commutation relation
Eq. (17) reduces to the canonical commutation rela-
tion (1). This limit must be taken for |ψ〉 in the do-
main D ⊂ D(HˆTˆ ) ∩ D(Tˆ Hˆ) such that |ψ〉 ∈ D is also
square-integrable for R → ∞. This domain includes the
Gaussian-like minimum-uncertainty state considered by
S. Tanimura [34].
5. Tˆ is defined as a linear combination of non-Hermitian
operators Wˆnµn. These operators have space-time rever-
sal (PT ) symmetry. The significance of PT -symmetric
time operators is discussed in section III.
Now, let us consider some special cases and discuss
their physical significance. If cn = c
∗
−n =
i
2δn,1 we ob-
tain
TˆS1 =
1
2i
[µˆWˆ † − Wˆ µˆ] = Im[µˆWˆ †], (18)
which satisfies the commutation relation
[Hˆ,TˆS1 ] = i~Cˆ. (19)
Note that TˆS1 reduces to TˆR in the infinite-radius limit
R → ∞. Using the identity operators
∫ pi
−pi
dθ |θ〉 〈θ| = 1,∫∞
−∞
dx |x〉 〈x| = 1,
∑
l∈Z |l〉 〈l| = 1 and
∫∞
−∞
dk |k〉 〈k| =
1 with x = Rθ, k = l/R, p = ~k, 〈θ|l〉 = 〈x|k〉, I = mR2,
µl = 〈l|µˆ1|l〉, e
iθ ≈ 1 + iθ and µl/R → m/p as R → ∞
we obtain
TˆS1 ≈ −Im
[∑
l∈Z
∫ pi
−pi
dθ |θ〉 〈θ| (1 + iθ)µl |l〉 〈l|
]
= −Re
[∑
l∈Z
∫ pi
−pi
dθ |θ〉 〈θ| θµl |l〉 〈l|
]
→ −Re
[∫ ∞
−∞
dk
∫ ∞
−∞
dx |x〉 〈x|
mx
~k
|k〉 〈k|
]
= −
m
2
(xˆpˆ−1 + pˆ−1xˆ) = TˆR.
This limit must be taken with wave functions in some
appropriate domain (as explained in Property 4. above).
A sufficient condition for this limit is that the wave func-
tions are well localized around θ = 0 so that the contri-
bution from θ ∼ R can be ignored. Similarly, one can
show that RSˆ → xˆ, Cˆ → 1 as R→∞, hence
TˆS1 → TˆR,
[Sˆ, pˆiθ] = i~Cˆ → [xˆ, pˆ] = i~,
[Hˆ, TˆS1 ] = i~Cˆ → [Hˆ, TˆR] = i~,
as R → ∞. Therefore, we conclude that TˆS1 is a self-
adjoint analogue of the Aharonov-Bohm time operator
5TˆR in S
1.
If cn = c
∗
−n =
1
2δn,1 we can define the time operator Tˆ
Re
S1
TˆReS1 = µˆ1 −
1
2
[Wˆ µˆ1 + µˆ1Wˆ
†] (20)
which satisfies the commutation relation
[Hˆ, TˆReS1 ] = −i~Sˆ. (21)
Note that µˆ1 in Eq. (20), which commutes with the
Hamiltonian Hˆ, was included so that the matrix elements
of TˆReS1 do not diverge in the limit R → ∞. The physi-
cal significance of TˆReS1 can be understood by taking the
large radius limit. Using I = mR2, l = Rk = Rp/~ and
θ = x/R, we find that TˆReS1 has matrix elements
〈θ|TˆReS1 |l〉 =
2I
~
(1 − 2l+ 2l cos θ − i sin θ)
1− 4l2
〈θ|l〉
= −
1
4pi
λdB
v
〈θ|l〉+O(R−1).
In the second line we did a Taylor expansion for θ =
x/R≪ 1. Here λdB = 2pi~/p is the de Broglie wavelength
and v = p/m is the group velocity of the particle. The
term λdB/v describes a “matter wave clock”, i.e. because
of the periodicity of de Broglie wavelength, a particle
moving with a fixed velocity v has an internal clock with
period λdB/v [35, 36].
Note that Sˆ in Eq. (21) vanishes asR→∞. So, although
TReS1 is a time operator which satisfies the GWWR, it is
not a time operator in the sense of Eq. (1).
The third example is for the periodic angle operator Θˆ
defined in Eq. (12). The corresponding time operator is
defined as
TˆΘ = −
∞∑
n=1
(−1)n+1
in
(Wˆnµˆn − µˆnWˆ
−n) (22)
which satisfies the commutation relation
[Hˆ, TˆΘ] = −i~{1− δ(Θˆ + pi)}. (23)
The delta function δ(Θˆ + pi) has a contribution only if
θ + (2n+ 1)pi = 0. Otherwise TˆΘ satisfies the canonical
commutation relation and it is equivalent to Galapon’s
time operator Tˆ0 for periodic system. Therefore, TˆΘ is
interpreted as a time-of-arrival operator.
C. Connection to Time Crystals
How are these time operators connected to QTC?
In our previous model of QTC, the Heisenberg opera-
tor Cˆ(t) = eiHˆt/~Cˆe−iHˆt/~ describes the local oscilla-
tion of an incommensurate charge density wave: this
oscillation is intrinsic to a ring system and it is used
to model a QTC [14]. Other periodic operators fˆ can
also be used to model QTC in ring systems: Note that
Wˆn, as a momentum raising operator, can be written as
Wˆn =
∑
l |l+ n〉 〈l|. Then, because (El+n−El)/(E0+n−
E0) = 2l + n is an integer, the Heisenberg operators
Wˆ (t) = eiHˆt/~Wˆe−iHˆt/~, fˆ(t) = eiHˆt/~fˆ e−iHˆt/~ and
Tˆ (t) = eiHˆt/~Tˆ e−iHˆt/~ have a periodic time evolution
with period P = 2pi(E1 − E0)
−1 = 4piI/~:
Wˆ =
∞∑
l=−∞
|l + n〉 〈l| eit(El+n−El)/~
=
∞∑
l=−∞
|l + n〉 〈l| ei(t+P )(El+n−El)/~
= Wˆ (t+ P ),
⇒ Tˆ (t) = Tˆ (t+ P ) and fˆ(t) = fˆ(t+ P ).
The period P diverges as R → ∞, so this periodicity is
intrinsic to ring systems. In fact, for a one-dimensional
free particle, it is clear from xˆ(t) = xˆ+ pˆt/m that
TˆR(t) = TˆR + t (24)
is not periodic. The commutation factor Kˆ(t) = Tˆ (t)− Tˆ
of a ring system is also periodic with a radius-dependent
period. On the other hand, for a one-dimensional system
(R) we have Kˆ(t) = t which implies Eq. (1), hence time
for a one-dimensional system is not necessarily periodic.
Therefore, Kˆ(t) may be interpreted as a function which
gives the “temporal structure” of a quantum system.
Because we are using a general mathematical structure
(Eq. (3)) to construct time operators, our work is not
limited to ring systems but applies to other QTC models
as well. We surmise Kˆ(t) characterizes the time-periodic
evolution of a QTC. For our previous QTC model, this
quantity is the charge density operator Cˆ(t). QTC states
can also be realized in excited Floquet states [16–23]. If
a Floquet system were driven with a period P , a Floquet
time crystal (FTC) would return to its initial state after
period nP (n is an integer), hence time translation sym-
metry is spontaneously broken. So, we conjecture the
following set of operators for a FTC
[Hˆ(t), Tˆ (t)] =
˙ˆ
K(t),
Hˆ(t+ P ) = Hˆ(t),
Tˆ (t+ nP ) = Tˆ (t),
Kˆ(t+ nP ) = Kˆ(t).
(25)
For instance, the Hamiltonians Hˆ(t) of most of the FTC
models proposed so far are composed of Pauli matri-
ces σi. If we set Hˆ(t + P ) = Hˆ(t) =
{
σ1, 0 ≤ t < pi,
0, pi ≤ t < P
as a prototype of a Floquet Hamiltonian then we can
identify Tˆ (t) = U †(t)σ2U(t), Kˆ(t) = Tˆ (t) − T (0), and
˙ˆ
K(t) = 2U †(t)σ3U(t) with the unitary time evolution
6U(t) = e−
i
~
∫
t
0
Hˆ(t′)dt′ . In this case, Tˆ and Kˆ(t) are peri-
odic with period 2P . As a GCCR we obtain the SU(2)
commutation relation [σ1, σ2] = 2iσ3. Further investiga-
tion of this conjecture is left for future study.
Therefore, it seems like time operators and time crys-
tals are interrelated. The periods of a QTC seems to
promote time from a parameter to a physical quantity.
So, QTC are promising systems to define time operators.
In spite of recently proposed models of QTC in excited
states [16–23], the original idea of a QTC is to define
a dynamical ground state which breaks time translation
symmetry [11]. How to construct a QTC ground state is
a very important open problem in quantum mechanics,
quantum field theory, condensed matter physics, and re-
lated fields, because it concerns the question of what a
ground state is. The existence of QTC ground states have
been criticized by showing that spontaneous braking of
time translation symmetry at ground state does not oc-
cur in the infinite-volume limit [15, 37]. However, if the
periodic boundary condition is not negligible, our results
suggest how a time crystal can be defined in ring systems.
We will have a QTC ground state if Kˆ(t) = Tˆ (t) − Tˆ
and dKˆ(t)/dt have periodic expectation value at ground
state. Instead of a ring system we can also consider other
systems with non-trivial real-space topologies. Once we
have the appropriate mathematical structure to define a
time operator (such as Eq. (3)), then we can apply it to
models of time crystals, possibly including ground states.
III. EXTENSION TO PT -SYMMETRIC TIME
OPERATORS
In the previous sections we focused on self-adjoint
time operators because real eigenvalues and orthogonal
eigenstates are not ensured for non-self-adjoint symmet-
ric operators. Here, we extend time operators to PT -
symmetric operators for the following reasons. First,
if PT symmetry is not spontaneously broken, then
PT -symmetric operators have real eigenvalues and bi-
orthogonal eigenstates [25–27, 38]. In other words, time
operators do not have to be self-adjoint to have real-
eigenvalues and orthogonal eigenstates. Second, we can-
not completely distinguish from the canonical commuta-
tion relation and from the time-energy uncertainty rela-
tion if a time operator is self-adjoint or PT -symmetric.
This argument is elaborated in section IV. Therefore, it
is possible that many time-operators are not self-adjoint
(not even Hermitian) but PT -symmetric. The third rea-
son is of academic interest: So far, the main emphasis
of PT -symmetric quantum mechanics is on the spec-
tral properties of PT -symmetric Hamiltonians. So, PT -
symmetric time operators open a door to study other
non-Hermitian operators, which can give us real eigenval-
ues and (bi-)orthonormal eigenstates. Therefore, in this
section we define PT symmetry in ring systems. Then we
derive a PT -symmetric time operator. For simplicity we
will focus only on the PT -symmetric extension of (18).
Other PT -symmetric operators can be defined likewise.
Before we define PT -symmetric time operators it may
be appropriate to discuss their validity as observables.
Observables in quantum mechanics, by definition, are
operators which can be measured experimentally. Self-
adjoint operators are observables because real eigenval-
ues and orthogonal eigenstates are ensured. But, this
does not mean that observables must be self-adjoint. In
fact, PT -symmetric operators can be measured [27]. In
addition, nowadays non-Hermitian operators can also be
measured by methods like weak measurement. Therefore,
in our opinion, PT -symmetric operators are genuine ob-
servables which can be measured experimentally.
A. PT -Symmetry for Ring Systems
For quantum mechanics in one-dimension R, the parity
operator P changes the sign of the momentum operator
pˆ and the position operator xˆ: pˆ → −pˆ and xˆ → −xˆ.
Time reversal T has the effect pˆ → −pˆ, xˆ → xˆ, and
i → −i. T changes the sign of i because T is re-
quired to preserve the fundamental commutation rela-
tion [xˆ, pˆ] = i~ [25]. For quantum mechanics in S1,
the parity operator P satisfies the following properties
[34]: P†P = P2 = 1, PWˆP−1 = Wˆ †, P pˆiθP
−1 = −pˆiθ,
and P |l〉 = |−l〉. We show that the time reversal op-
erator T shares the same properties. The time reversal
operator for a bosonic particle is an anti-unitary opera-
tor which satisfies T †T = T 2 = 1 [39]. Time reversal
changes the direction of motion of a particle in S1, i.e.
pˆiθT |l〉 = −l~T |l〉 should be satisfied. Therefore, we
have T |l〉 = al |−l〉 with a coefficient al. Anti-unitarity
of T implies al = 1. Then, using Eq. (9) we readily
obtain
P†P = P2 = 1, T †T = T 2 = 1,
P pˆiθP
−1 = −pˆiθ, PWˆP
−1 = Wˆ †, P |l〉 = |−l〉 ,
T pˆiθT
−1 = −pˆiθ, T WˆT
−1 = Wˆ †, T |l〉 = |−l〉 .
So, pˆiθ, Wˆ and |l〉 are PT -symmetric:
(PT )pˆiθ(PT )
−1 = pˆiθ,
(PT )Wˆ (PT )−1 = Wˆ ,
(PT ) |l〉 = |l〉 .
Note that the Hermitian time operators in Eq. (2) and
Eq. (18) change their signs under PT , in agreement with
their interpretation as quantization for the time variable
t. (For quantum mechanics on S1, T WˆT −1 = Wˆ † is
possible only if T changes the sign of i.)
B. PT -symmetric time operator
Now, we can define a PT -symmetric time operator by
TˆPTS1 = Fˆ − Wˆ µˆ1,
7where Fˆ is a real PT -symmetric operator which com-
mutes with Hˆ . This operator satisfies the commutation
relation
[Hˆ, TˆPTS1 ] |l〉 = −~Wˆ |l〉 . (26)
Formally, we have
TˆPTS1 = ixˆpˆ
−1 + (Fˆ − µˆ1) +O(R
−1),
so the matrix elements of TˆPTS1 diverge as R→∞ unless
we choose Fˆ carefully. The simplest form is Fˆ = µˆ1.
Thus, we obtain the PT -symmetric time operator in S1
TˆPTS1 = (1 − Wˆ )µˆ1 = Tˆ
Re
S1 + iTˆS1 . (27)
TˆS1 and Tˆ
Re
S1 are defined by Eq. (18) and Eq. (20),
respectively. This PT -symmetric operator is interpreted
as an imaginary time operator iTˆS1 (i.e. quantization
of the imaginary time τ = it) with the addition of a
quantum correction. PT changes the sign of i as well as
the sign of the time operator, hence an imaginary time
operator is invariant under PT . Conversely, it is also
reasonable to define the time operator in Eq. (18) as the
imaginary part of (27).
The eigenstates and eigenvalues of TˆPTS1 are calculated
using biorthogonal quantum mechanics [38]: Suppose
that the time operator TˆPTS1 and its Hermitian conjugate
(TˆPTS1 )
† satisfy the eigenvalue equations
TˆPTS1 |φl〉 = τl |φl〉 , (28)
(TˆPTS1 )
† |χl〉 = τ
∗
l |χl〉 . (29)
Let us adopt the position representation pˆiθ → −i~
∂
∂θ
which implies µˆ−11 →
~
I
(
−i ∂∂θ +
1
2
)
. Then, Eq. (28)
and Eq. (29) are equivalent to the following differential
equations:
φl(θ) =
~
I
(
−i
∂
∂θ
+
1
2
)
Φl(θ),
(1− eiθ)Φl(θ) =
τl~
I
(
−i
∂
∂θ
+
1
2
)
Φl(θ),
(1− e−iθ)χl(θ) =
τ∗l ~
I
(
−i
∂
∂θ
+
1
2
)
χl(θ),
which have the orthonormal solutions
φl(θ) = φl0
(
1− eiθ
)
eiθνle−(νl+
1
2
)eiθ ,
χl(θ) = χl0e
iθν∗
l e(ν
∗
l
+ 1
2
)e−iθ ,∫ pi
−pi
dθχ∗l (θ)φm(θ) = 2piχ
∗
l0φm0δl,m = δl,m,
where νl =
I
τl~
− 12 was introduced for brevity. The pe-
riodic boundary condition requires νl to be an integer.
Therefore, we obtain the eigenvalues
τl = τ
∗
l =
2I
(2νl + 1)~
. (30)
FIG. 2. The eigenvalues τl of Tˆ
PT
S1
describes the periodicity
in time of a free particle moving in a ring with a constant
velocity.
These eigenvalues are interpreted as the time required for
a free particle with velocity v = (νl +
1
2 )
~
mR to move a
distance R on the ring; i.e. the time required to make a
full rotation is 2piτl = 2piR/v (Fig. 2). The validity of
this interpretation is supported by the generalized com-
mutation relation. The Aharonov-Bohm time operator,
for instance, is defined as an operator whose eigenvalue
t corresponds to the time required for a particle to move
a finite distance d. Although d/t gives the average veloc-
ity of the particle, the particle does not have a fixed mo-
mentum: Otherwise, the wave function of the particle is a
momentum eigenstate ψl and expectation value with this
state leads to contradictions (see Sec.(II A 2)). On the
other hand, one can verify that the expectation value of
Eq. (26) with biorthogonal quantum mechanics implies
〈χl|[Hˆ, Tˆ
PT
S1 ]|φl〉 = −~ 〈χl|Wˆ |φl〉 = 0. Therefore, our in-
terpretation of time eigenvalues does not disagree with
the commutation relation. More generally, a wave func-
tion in the domain of TˆPTS1 has the form |Ψ〉 =
∑
l al |φl〉
and the corresponding wave function in the domain of
(TˆPTS1 )
† has the form 〈Ψ¯| =
∑
l a
∗
l 〈χl|. Arrival time in
this state is
〈Ψ¯|TˆPTS1 |Ψ〉 =
∑
l
|al|
2τl. (31)
Commutation relations do not have a vanishing expecta-
tion value in this case.
In the infinite-radius limit we obtain
TˆPTS1 → iTˆ
NH
R = iTˆR −
m~
2
pˆ−2. (32)
As discussed after Eq. (21), the last additional term
describes a “matter wave clock” which reflects the wave
nature of a particle. The non-Hermitian time operator
TˆNH
R
(which is not PT -symmetric) was studied in ref.
[28]. This operator satisfies the canonical commutation
relation
[Hˆ, TˆNHR ] = [Hˆ, (Tˆ
NH
R )
†] = [Hˆ, TˆR] = i~. (33)
Note that TˆPTS1 is also non-Hermitian for finite radius.
We also note that other PT -symmetric time operators
can be defined naturally. iTˆNH
R
is a non-Hermitian PT -
symmetric operator, but TˆNH
R
is not PT -symmetric. In
addition, iTˆR is PT -symmetric as well, but iTˆR and TˆR
give the same time-energy uncertainty relation as we
show in the next section.
8IV. TIME-ENERGY UNCERTAINTY
RELATIONS
In the previous sections we saw that generalized
commutation relations are necessary to define posi-
tion operators and time operators in ring systems.
Similarly, position-momentum uncertainty relations and
time-energy uncertainty relations are modified in ring
systems. This modification is motivated by the following
example. Consider the uncertainty relations ∆θˆ∆pˆiθ ≥
~/2 and ∆Hˆ∆Tˆ ≥ ~/2. For a momentum eigenstate
we obtain ∆pˆiθ = 0 and ∆Hˆ = 0 which imply the con-
tradiction 0 ≥ ~/2. This contradiction is avoided with
generalized uncertainty relations.
The Robertson uncertainty relation [40] between two
Hermitian operators is given by
(∆Aˆ)ψ(∆Bˆ)ψ ≥
1
2
∣∣∣〈[Aˆ, Bˆ]〉ψ∣∣∣ , (34)
where 〈Aˆ〉ψ = 〈ψ|Aˆ|ψ〉 and (∆Aˆ)ψ =
√
〈Aˆ2〉ψ − 〈Aˆ〉
2
ψ is
the norm of the state [Aˆ− 〈Aˆ〉ψ] |ψ〉. For non-Hermitian
operators we have a natural extension (∆Aˆ)ψ =√
〈Aˆ†Aˆ〉ψ − | 〈Aˆ〉ψ |
2. In general, (∆Aˆ)ψ 6= (∆Aˆ
†)ψ if
Aˆ and Aˆ† do not commute. Now, the Robertson uncer-
tainty relation for non-Hermitian operators has a few dif-
ferent generalizations. First, Dou and Du [41] proposed
the following generalization (which is written here with
a different notation)
(∆Aˆ)0ψ(∆Bˆ)
0
ψ ≥
1
2
∣∣∣〈[Aˆ, Bˆ]〉ψ∣∣∣ , (35)
with (∆Aˆ)0ψ = [(∆Aˆ)ψ+(∆Aˆ
†)ψ ]/2 and so on. Therefore,
we have, for instance, the following uncertainty relations
(∆pˆiθ)ψ(∆Wˆ )ψ ≥
~
2
∣∣∣〈Wˆ 〉ψ∣∣∣ , (36)
(∆Hˆ)ψ(∆Tˆ
PT
S1 )
0
ψ ≥
~
2
∣∣∣〈Wˆ 〉ψ∣∣∣ . (37)
Second, Tanimura [34] proposed the following uncer-
tainty relation
(∆pˆiθ)ψ(∆Wˆ )ψ ≥
∣∣∣〈[pˆiθ − 〈pˆiθ〉ψ][Wˆ − 〈Wˆ 〉ψ]〉ψ∣∣∣
=
∣∣∣〈pˆiθWˆ 〉ψ − 〈pˆiθ〉ψ 〈Wˆ 〉ψ∣∣∣ , (38)
which is a direct consequence of the Cauchy-Schwarz in-
equality. Similarly, we can obtain
(∆pˆiθ)ψ(∆Wˆ )ψ ≥
∣∣∣〈pˆiθ〉ψ 〈Wˆ 〉ψ − 〈Wˆ pˆiθ〉ψ∣∣∣ , (39)
(∆Hˆ)ψ(∆Tˆ
PT
S1 )ψ ≥ | 〈HˆTˆ
PT
S1 〉ψ − 〈Hˆ〉ψ 〈Tˆ
PT
S1 〉ψ |, (40)
(∆Hˆ)ψ(∆Tˆ
PT
S1
†)ψ ≥ | 〈Hˆ〉ψ 〈Tˆ
PT
S1 〉ψ − 〈Tˆ
PT
S1 Hˆ〉ψ |. (41)
We note that the uncertainty relations (38), (40) and (41)
are not unique but other equivalent or inequivalent forms
can be defined if necessary. Adding (40) to (41) and us-
ing the triangle inequality we obtain (37). Moreover, by
adding (38) to the inequivalent form (39) we obtain (36).
For the self-adjoint operators we have the usual Robert-
son uncertainty relations (34). PT -symmetric time op-
erators satisfy Eq. (35). In all cases, we see that the
angle-angular momentum uncertainty relations and the
energy-time uncertainty relations have the same lower
bound. This fact is a consequence of the similarities be-
tween the commutation relations (26), (21), (19), (23)
and (9), (13), (14), (15) respectively.
The significance of these uncertainty relations is as fol-
lows. First, uncertainties depend on wave functions and,
on the contrary, the state of a ring system can be in-
ferred from uncertainties. Under some circumstances,
such as for non-localized momentum eigenstates, we have
| 〈[Hˆ, Tˆ ]〉 | = 0, i.e. uncertainty vanishes. We have
| 〈[Hˆ, Tˆ ]〉 | = ~ for a well-localized state or for time op-
erators introduced by Galapon and collaborators [6, 8],
which reduces to the case of canonical commutation re-
lation. In fact, the same situation appears for angle-
angular momentum commutation relations as studied in
ref. [34]. Second, we cannot completely distinguish from
the canonical commutation relation and from the time-
energy uncertainty relation if a time operator is self-
adjoint or PT symmetric: For instance, the Aharonov-
Bohm time operator defined in Eq. (2) and the non-
Hermitian time operator in Eq. (32) give the same com-
mutation relation (Eq. (33)) and the same time-energy
uncertainty relation (as it can be seen from Eq. (33), Eq.
(34), Eq. (35)). Therefore, if time operators are defined
based on uncertainty relations, then it is possible that
such time operators are not self-adjoint (not even Her-
mitian) but PT -symmetric. On the other hand, their
distinction is possible for our time operators, so it is im-
portant to predict possible experimental uncertainties.
V. DISCUSSION AND CONCLUSION
First, we summarize our main results. We defined a
self-adjoint time operator Tˆ and a PT -symmetric time
operator TˆPTS1 for a free particle on a ring system. Tˆ is
a generalized time operator which satisfies Eq. (3). We
studied three cases of Tˆ , namely 1) TˆS1 which can be
used for our previous model of QTC, 2) TˆReS1 which can
be interpreted as a “matter wave clock”, and TˆΘ which
is interpreted as a time-of-arrival operator and contains
Galapon’s time operator for periodic systems as a spe-
cial case. The eigenstates and eigenvalues of TˆPTS1 are
calculated using biorthogonal quantum mechanics [38].
A summary of various time operators is given in Fig. 3.
Second, Galapon et al. also defined a self-adjoint time
operator for a confined system with and without periodic
boundary conditions which satisfy Eq. (1) [6, 7]. How-
ever, our results suggest that time operators should be
defined based on the real-space topology of a quantum
9FIG. 3. TˆS1 [Eq. (18)] is a self-adjoint time operator and Tˆ
PT
S1
[Eq. (27)] is a PT -symmetric time operator. In the large
radius limit (from S1 to R), TˆS1 reduces to the Aharonov-
Bohm time operator TˆR [Eq. (2)] and Tˆ
PT
S1
reduces to the
non-Hermitian operator TˆNHR [Eq. (32)] [42].
system. So, Eq. (1) may not be the only possibility to
define self-adjoint time operators. Our work may also
be generalized to relativistic particles, but quantization
of constrained systems is still a subject of current active
research and the commutation relations Eq. (9) are not
guaranteed to hold for relativistic systems as well.
Third, in order to obtain additional insights into QTC
and understand how to create many other models of
QTC, a universal origin of this periodicity is required.
We surmise that this origin can be understood from Eq.
(3) and Kˆ ′(t) characterizes the time-periodic evolution
of a QTC: For our previous QTC model, this quantity
is the charge density expectation value; and for Floquet
time crystals [16–23] this quantity is typically the single-
ion magnetization. In addition, we note that most of the
early models of QTC [11–13, 15] are ring systems but the
infinite-radius approximation was used. Therefore, these
models should be reconsidered in light of our results.
Fourth, an operator being PT -symmetric does not nec-
essarily mean that it has real eigenvalues, but it can have
real eigenvalues. Typically, in PT -symmetric systems
with gain and loss (denoted by ±γ) all eigenvalues are
real below a critical value γ < γc and PT -symmetry
is spontaneously broken otherwise. Therefore, it would
be an interesting problem to consider the spontaneous
breaking of PT -symmetry (of the Hamiltonian or the
time operator) in periodically driven Floquet time crys-
tals [16–23].
Moreover, possible applications of work are as follows.
1) As we discussed in Sec. II C, the GWWR may give
a universal explanation of time crystals [11–23], where
the commutation factor Kˆ(t) = Tˆ (t) − Tˆ gives the tem-
poral structure of the system. 2) Our time operator is
defined based on the position operator fˆ . Therefore, our
work may be used to reexamine the relationship between
space and time in the level of operators and understand
space-time structures in quantum mechanics. 3) More
radically, analysis of the cosmic microwave background
anisotropy suggests that our universe is finite with a pe-
riodic structure [43]. If this is correct, then our work
may be used in quantum cosmology to understand, for
instance, the space-time structure of the early (topologi-
cally non-trivial) universe.
Finally, we discuss the results in this paper in the con-
text of experiments. Suppose we want to study experi-
mentally the arrival time or other events of a ring sys-
tem. According to Sec. II A 2, time operators with the
CCR can be studied only for special kinds of states and
experiments must be well-designed. On the other hand,
our time operators can be used to study time of arrival or
other events for general states in ring systems. For exam-
ple, the order parameter of a charge density wave (CDW)
or a superconductor is a complex scalar ∆ = |∆|eiθ. Sup-
pose that we can quantize the phase θ by Wˆ = êiθ.
Then the commutation relations Eq. (19), Eq. (21),
and Eq. (26) give the Heisenberg equations of motion of
the time operators ddt TˆS1(t) = −Cˆ(t),
d
dt Tˆ
Re
S1 (t) = Sˆ(t),
and ddt Tˆ
PT
S1 (t) = −iWˆ (t), respectively. Cˆ(t) can describe
charge density fluctuation and Sˆ(t) can describe time-
dependent Josephson current. Therefore, our results can
be tested in various CDW [14, 44] or superconducting sys-
tems (including topological crystals such as ring crystals
and Mo¨bius strip crystals [44, 45]), in superfluid systems
with spatial periodicity [13, 15] and in ring-shaped ion
traps [12, 46]. TˆΘ can be tested by measuring the time-
of-arrival of a sine-Gordon-soliton in annular Josephson
junctions [47], or we can use any other systems which
can be described by a single particle in S1. Experimen-
tal uncertainties will be given by the results in Sec. IV.
Uncertainties depend on wave functions and, on the con-
trary, the state of a ring system can be inferred from
uncertainties. Furthermore, uncertainties themselves can
be used to test our formulation in experiments. Experi-
mental scheme to study uncertainty relations is possible
and has been used in a different context (such as [48]).
We believe that similar experiments are possible for ring
systems.
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